
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Lecture
Now that wehave seen that all subgroups of cyclic
groups are cyclic we want to understand cyclic
groups in more depth and would try to classifythe subgroups of cyclic groups
First an important theorem

Theorem Criterion for a as
Let G be a group and aEG If Ord a o

then a ai if andonly if i j If Ord a a say
n then
La e a a an 3

and akai g and only g n divides i j
Proof If Ord a a Tf any non zero n such that

an e Now ai aJ Ai J e and so i j 0

Now assume Ord a n We want to
prove that a e a a an i

Clearly all the elements are in La so we Wan
to prove that there are no more elements
Let Ake La By the division algorithm

k an m OE r a n
Zhen Ake admin Can d an ear and ran

so ak is one of the elements ine a an



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now suppose ai aJ ai Jae Again
by division algorithm

i j gn r o Eman

p ai I aunts Can 9 an a
D AM_e
but by the definition of ordeal n is theleast positive integer such that Ake
D 9 0

n I i j
Conversely y NII j i j an

aid ad Can
d e akai

112

We have the following corollary of
the above theorem

Corollary Let G be a group and AEG with ordcatn
If akee n divides k

Remarts Many student make the mistake by sayingthat j akee ordeal K This is
wrong All we can say is that ordeal1k



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Now suppose we have a cyclic group G La
Then we know that all its subgroups
are cyclic

We also know that since akeG
Lak is a subgroup of G
what is the order of the group 4919

The next theorem gives a simple method to
compute leak 1 Moreover it has manyimportant corollaries

theorem Let G be a group a c G and OrdCain
Let k be any positive integer Then

Lak aged lmk and

Ord ak I Lak I ng.cc

CnikTProofSuppose D gcdChik and K dr
we first prove that Lak Lad
Since a K Adn Cad r p Lak Elad
So we want to prove that Lad e Lak
Enough to prove that ad c Lak

Recall from MATH135 that ifD god nik D I sit c21 suchthat



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D ns 1kt

go ad ans 1kt fan k t akfefak
Hence proved

We now want to prove that ordlak na
i e na is the smallest positive integer with

K na e It's same as proving that
Ord ad Mq If F d cry such

that Cad d e Ladd e But

da L ng d n which contradicts that

Ord a n
D

Ord ak Kak Kord a9
d

n
gTdr

I

Before stating and proving the corollarieslet's see why this theorem is
important



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Suppose G a with Ord a 30 Then
we know immediately that 19267 4927
as god 30,267 2 or that 29237 297
It's much easier to write the elementsof
a22 than 29267 and these are the same

subgroups

Corollaryi In a finite cyclicgroup the order of an
element divides the order of the groupSince every subgroup is cyclic generatedby
an element of the group so

In a finitecyclicgroup the order of
a subgroup divides the order ofthe group II

Remake As we will see that the last statement is
true for every finite groups That is calledthe Lagrange's Theorem

Corollaryre Generators of a finite cyclicgroup
Let G be a cyclicgroup with Gia and
Ord a IGI n
Then La 29574 0 godCmj7 1 and
so all such 9J are generators of G

Proof we want Lai La But Lai fascdcn.IM
Me



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Corollary 2 is telling us all the generatorsof
a cyclic group
e g one can check that UC50 is a cyclic
group with 1015031 20 Suppose we know that
3 is a generator

now K gcd k207 1 43,7 9 11 13 17,14 A

So all the generators of UC50 are 3 mod 50
where i e A

CorollaryI Generators of 21N
An integer k in Zn is a generator of an
G 0 god Nik

Proof Since Zn is a cyclic group oforder n the
corollary follows I

In the next lecture using these theoremsand corollaries we will classify all the
subgroups of a cyclic group which is
a pretty powerful and amazing result

O x x O


